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Abstract. A new example of a critical Kochen-Specker type con- 
figuration of 36 rays in 8-dimensional space (the Hilbert space of 
a triple of qubits) is constructed. This configuration is shown to 
admit an extension up to a saturated Kochen-Specker type config- 
uration containing 64 rays. A natural multicoloured generalization 
of the Kochen-Specker theory is given based on a concept of en- 
tropy of a saturated configuration of rays. 



1. Introduction 

In this paper I describe a new family of Kochen-Specker type config- 
urations of pure states of a finite dimensional quantum system. Such 
configurations are sometimes termed "non-colourable" configurations 
[1] , or also Bell-Kochen-Specker configurations by some authors [21 [3j H] 
to stress the fact that the original Kochen-Specker construction [5] in 
three dimensions can be seen as a development of ideas about Bell's 
inequalities in quantum mechanics [B]. 

The Kochen-Specker type configurations are of interest for the foun- 
dations of quantum mechanics since they do not refer directly to the 
concept of probability. An additional motivation to study such config- 
urations is, on one hand, due to the links to some issues of quantum 
gravity El El HUJ dH [12] , and, on the other hand, due to the links to 
quantum computers. 

Usually one tries to find a Kochen-Specker type configuration which 
contains as less rays as possible. For example, there exists a example of 
a Kochen-Specker type configuration in four dimensions consisting of 
just 18 rays [2] which has been tested experimentally. The dimension 
four can be perceived as the dimension a pair of qubits (4 = 2x2). 
In the present paper the dimension is eight, which is the dimension 
of a three-qubit system (8 = 2x2x2). Perhaps the most interesting 
result obtained in the present paper is a new saturated Kochen-Specker 
type configuration on a triple of qubits which contains a new critical 
Kochen-Specker type configuration of 36 rays. It would be of interest 
to test these configurations experimentally. 
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This year IBM has announced [13] a big step forward towards a cre- 
ation of a full scale quantum computer. Loosely speaking, what they 
did is put three superconducting qubits on one chip. This triple of 
qubits is expected to become a basic building block of a scalable quan- 
tum computer. In this context the Kochen-Specker type configurations 
in eight dimensions become of particular interest. 

A triple of qubits is a rather special quantum object on its own. To 
observe the EPR-type correlations [H] one may work with only two 
qubits, but to observe the really weird features of quantum theory it is 
better to have at least three qubits. For instance, it has been recently 
shown [15] that a triple of qubits suffices to refute the conjecture of 
Peres about quantum nonlocality and entanglement distillability. One 
can observe Berry's phase [16] on a triple of qubits and describe it in 
terms of quantum groups [IT]. There exists a non-trivial link between 
the i? 8 -root system and the theory of three qubits found in [18J. It turns 
out that the rays represented by the roots of an _E 8 -type Lie algebra 
yield an example of a saturated Kochen-Specker type configuration and 
that this fact can be generalized in several different ways. One can 
obtain an infinite family of orthoalgebras [19] starting from the .Eg-root 
system which can be of interest in the approach to quantum gravity 
advocated in [10] . On the other hand one can scale up and deform this 
example on multiple qubits |20j , as well as one can consider other root 
systems [21]. 

In the present paper I concentrate on the case of a three qubit sys- 
tem, although other important Kochen-Specker examples are known 
in other dimensions PQ El IH El EOl EH 1221 [23 I2H ESI ES]- The paper 
can be split in two parts. The first part is more abstract and theoreti- 
cal and the second part is more concrete and applied. In the abstract 
part I introduce a concept of an entropy of a configuration of rays. 
This naturally leads to a multicoloured generalization of the Kochen- 
Specker theory. In the applied part I describe new Kochen-Specker 
configurations on three qubits which yield a collection of convenient 
model examples to test many ideas. First I describe a new saturated 
Kochen-Specker type configuration consisting of 64 rays. Another satu- 
rated Kochen-Specker type configuration known in 8-dimensions stems 
from the E$-Toot system and contains 120 rays [18]. It is an exten- 
sion of an example due to [27] which contains 40 rays. It turns out 
that one cannot find an isomorphic copy of this 40-rays configuration 
in the 64 rays mentioned, so we obtain a new example. A search for 
critical sub-configurations in this 64-rays configuration yields a critical 
Kochen-Specker type configuration consisting of 36 rays. 
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After that I describe a family of sub-configurations in this collection 
of 64 rays which are critical in another sense: not with respect to the 
number of rays involved, but with respect to the number of complete 
measurements involved to illustrate the non-colourabilty of configura- 
tion. This is formalized in a definition of a tropical configuration and 
a concept of tropical dimension. It turns out that this leads to another 
new family of saturated configurations of rays and by that one obtains 
a new family of examples of orthoalgebras [T21 [2HJ • 

2. Terminology and notation 

Let H be a finite dimensional Euclidean space over the field of com- 
plex numbers C (the Hilbert space of a finite dimensional quantum 
system). Denote the dimension d = dim^'H. Denote the inner prod- 
uct of two vectors v , w G W as (v, w) and assume the convention that 
(— , — ) is linear with respect to the second argument. The null- vector 
is denoted as 0^ G "H, and for v ^ 0%, Cv denotes the ray in 7i repre- 
sented by v. The collection of all rays in % is denoted as WH. The norm 
of a vector v is \\v\\ := (t>,t>) 1//2 , and we write Cv _L Cw iff (v,w) = 0. 

Take a collection Ai = {si}™^ 1 of n rays in %. For every positive 
integer m G Z >0 , put 

V { ™\M) := {U C M | #U = m, and Vx,y G U : y ^ x x _L y}, 

where # denotes cardinality of a set. Note that v\ {M) is empty if 
m > d or m > n. In analogy with this notation, we define VT" \M) 
as a collection of all subsets of Ai of size m consisting of mutually 
non-orthogonal rays, m G Z >0 . 

Definition 1. A collection Ai = {xjj^Tg 1 of rays Xi G fH, i = 
0, 1, . . . ,n— I, is called KS-colourable ("KS" stands for Kochen-Specker) 
iff there exists a function f : Ai — > {0, 1} such that 

Vx, y G Ai : x JL y /(x) + /(y) ^ 1, 

and 

yuev[ d \M):J2f^) = 1 - 

The possible values and 1 of the function f are termed colours, and 
a function f is termed a KS-colouring. 

It can happen that a given collection Ai admits many KS-colourings, 
but it can also happen that no KS-colourings exist. 

Definition 2. A Kochen-Specker type configuration in H is a finite 
collection Ai of rays in % which does not admit a KS-colouring. 
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To simplify the terminology, I leave out the word 'type' in what 
follows. It is of interest to consider special classes of collections Ai. 

Definition 3. A collection of rays Ai in H, is termed saturated iff 
for every W G U m>0 P i m) (7W) ; there exists U G V { f(M) such that 
I ) W. 

Definition 4. Let k G {1,2, ... ,d}. A collection of rays Ai in H, 
dime H = d, is termed fc-strict iff 

M = U{U\U G V ( *\M)}. 

Note that any collection Ai is 1-strict. Every saturated collection 
is fc-strict for every k = 1,2, ... ,d. The importance of saturated con- 
figurations is stressed in [TH1 [B5] . The (i-strict configurations naturally 
appear in [3U1 EI] where the authors analyse an example of a Kochen- 
Specker configuration [22] in terms of hyper-graphs. 

If "H is the Hilbert space of a finite dimensional quantum system then 
given a collection of rays Ai in "H one may perceive the elements x G 
Ai as elementary binary measuring devices represented by orthogonal 
projectors tt^, x = Ci/j, if) G %. In experiment it is of interest to have 
a collection Ai with the smallest number of elements possible. This 
motivates the following definition: 

Definition 5. A collection Ai of rays in % is called a critical Kochen- 
Specker configuration iff Ai is a Kochen-Specker configuration, while 
for every x G Ai the collection Ai\{x} is not a Kochen-Specker con- 
figuration. 

Note that a given Kochen-Specker configuration Ai may have many 
critical Kochen-Specker sub-configurations M C Ai and their sizes 
do not need to coincide. The smallest known critical Kochen-Specker 
configuration in four dimensions contains 18 rays [2]. In the present 
paper I construct a new critical Kochen-Specker configuration of 36 
rays in eight dimensions. 

Given a collection of rays Ai in %, it is natural to associate to Ai 
an undirected graph Tm = (V, E) with vertices V = Ai and edges 
i.e. a pair of vertices x, y G V is connected with an edge 
iff y JL x. The elements of V^" 1 (Ai) correspond to cliques in T M of 
size m G Z >0 , and the elements of V ( y n \Ai) correspond to anticliques 
in Tm of size m G Z >0 . If the configuration Ai is saturated, then all 
maximal cliques have the same size d. 

If Ai is (i-strict then it is natural to associate to it a hyper-graph 
T M = (V,E) with vertices V = Ai and hyper-edges E = T > f > (Ai). To 
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describe the relation _L on the set of rays Ai, it suffices to decribe the 
collection of hyper-edges E. 

A maximal clique U G V { f i (Ai) in the orthogonality graph T M cor- 
responds to a complete quantum measuring device. Its action consists 
in measuring simultaneously the elementary binary observables corre- 
sponding to xq, x±, . . . , Xd-i G P"H, U = {xijflQ. In experiment it is 
also of interest to minimize the set-up not with respect to the number 
of rays, but with respect to the number of complete measuring devices 
involved to observe the Kochen-Specker effect. 

Definition 6. Let Ai be a Kochen-Specker configuration in a complex 
Euclidean space H of dimension d. The smallest size q of a collection 
of rays {x^Zq C Ai such that J\f := {x , xi,..., x q ^{\ does not admit 
a KS-colouring is called the critical Kochen-Specker dimension of Ai. 
Notation: dining (.M). 

Note that Ai is a critical Kochen-Specker configuration if and only 
if dimes' (.M) = #.M. One can generalize this definition as follows. 

Definition 7. Let k G {1,2, ... ,d}. Let Ai be a k-strict Kochen- 
Specker configuration in % = C d , Ai = U{U\U G V ( f\Ai)}. The 
smallest size q of a collection of cliques {UiYiZl — such that 

T := UfZoC/j does not admit a KS-colouring is called a /c-critical di- 
mension of Ai. Notation: dim fc (A^). 

Note that if Ai is a saturated Kochen-Specker configuration then 
all the dimensions dinifc(.M), k = 1,2, ...,d, are defined. Loosely 
speaking, dimi(A^) = dimxs(A^) is the smallest number of elemen- 
tary binary measuring devices necessary to "see" Kochen-Specker on 
a configuration Ai, and dimd(.M) is the smallest number of complete 
quantum measurements needed to "see" Kochen-Specker on Ai. 

Definition 8. Let Ai be a k-strict Kochen-Specker configuration of 

rays in H, d = dimc'H, k G {1,2, ... ,d}. The configuration Ai is 

called /c-critical iff there exists a collection of cliques {Ui}^ k( ~ M ^ 1 C 
Vf\M), such that Ai = Ut^-V,. 

Note that a 1-critical configuration (k — 1 in the definition) is just 
another name for a critical Kochen-Specker configuration. Since the 
other extreme case k — d is of special interest, it makes sense to intro- 
duce a pair of new (more convenient) alias names. A (i-critical config- 
uration At would be also termed a tropical Kochen-Specker configura- 
tion. The (i-critical dimension dim d (.M) of a d-strict Kochen-Specker 
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configuration Ai would be also termed its tropical Kochen-Specker di- 
mension. In the main text of this paper we are going to consider ex- 
amples of critical and tropical Kochen-Specker configurations on three 
qubits. 

3. Entropy of a configuration 

Let us first discuss the general motivation [HI H21 US] behind the defi- 
nition of a KS-colouring and then consider its possible generalizations. 

In classical (i.e. "before quantum") physics if we deal with observ- 
ables A, B,C, . . . of a physical system which can take only two values, 
say and 1, we tend to think about them in terms of Venn diagrams. 
The observables are certain subsets A, B,C, ■ ■ ■ C Q of a given set Q. 
More precisely, to construct a probabilistic model of experiment one 
needs to define a a-algebra of subsets T on Q and consider a proba- 
bility measure P on (Q, J 7 ). The observables are then identified with 
measurable subsets A,B,C, - ■ ■ £ J 7 , and it is expected that the em- 
pirical frequency of an event, for instance, A = 1, tends, as we repeat 
the same experiment many times N, to P(A) as iV — > oo. 

At the same time in every particular realization of an experiment 
we observe a concrete outcome. For example, let A = 1, B = 1, and 
C = 0. Forget about the repetitions of experiment. What is a reason 
for this particular outcome? A classical answer would be that what 
actually takes place in the experiment is a point u> £ Q, and in this 
particular observation we have u G (An B)\C. In other words a point 
to is an elementary reason why A, B,C, . . . happen or do not happen. 

Take now a finite collection Ai = {Ai, A2, ■ ■ ■ , A n } of classical binary 
observables. Every point oj £ Q of the probability space J 7 , P) of 
our experiment induces a function f u : Ai — > {0, 1} with the following 
properties: 

Vi, j £ {1, 2, . . . , n} : A, n A 5 = UA { ) + f u (Aj) < 1, 

and for every partition {A^}^^ C A-f of the space f2 = 5^a=i^<*' 
holds: 

a=l 

These two properties is precisely what the definition of a Kochen- 
Specker colouring tries to mimic. More precisely, one restricts only 
to quantum observables represented by 1-dimensional orthogonal pro- 
jectors TTfa, TTfo, . . . , Ti^ n . The emptiness of an intersection A4 D Aj — 
is then translated into orthogonality of rays Cipi _L Cipj. A Kochen- 
Specker configuration can be called a classically indeterministic object 
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since one cannot perceive the measurements of the corresponding ob- 
servables in terms of an underlying space Q of elementary reasons. 

It is nonetheless of interest to consider the following situation. Let 
A4 be a saturated collection of rays in (^-dimensional Euclidean space 
H, which does admit a Kochen-Specker colouring / : M. — > {0, 1}. For 
example, if {^i}f=o an d {<^i}j=o i s an unbiased pair of orthonormal 
bases, 

|(^,^-)| 2 = 1/d, i,j = 0,1,.. .d- 1, 
then the union M = {Ctpi}flQ U {Ccpjjjll is such a collection. There 
exists a unique i$ such that /(C^ ) = 1, and there exists a unique jo 
such that f(Cipj Q ) = 1. If we look now, say, at a pair of observables 
represented by the operators 

d-l d-l 
i=0 j=0 

then the illusion is that the colouring / gives us a knowledge of the 
values of the quantum observables Q and P represented by Q and P, 
respectively, despite of the fact that [P, Q] ^ 0. The value of Q is io, 
and the value of P is jo- Since the bases are unbiased, this is similar [31] 
to as if we know the coordinate and momentum of a one-dimensional 
quantum particle with absolute certainty. 

These preliminary considerations motivate the following generaliza- 
tion of a Kochen-Specker colouring. Let us look at a function / : Ai — > 
[0, 1], such that for every U G P^\M) holds: 

For any saturated configuration M. such a function always exists: one 
may take fix) = 1/d, for every x E M. Since ^ f(x) ^ 1 can be 
perceived as probability weights, let us define an entropy: 

xeu 

for every u g v¥\m). If / is a Kochen-Specker colouring, then 
Sjj = 0, for every U . Note that this does not imply that there is 
a quantum state with such entropies [33], 36J. If fix) = 1/d, for all 
x G M, then the entropies are the same Sjj = log(rf) and their value 
is maximal. If M. is a Kochen-Specker configuration, then one cannot 
construct a function / such that S(j = 0, for all U G V^\jA). 

Take a saturated collection of rays M. and denote by K{M) the 
collection of functions / : M. — > [0, 1] such that J2 xeU f(x) = 1 and 
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S{j = Sfj,, for all U,U' e V ( f{M). Then one may write S{ instead 
of Sjj, without specifying the lower index. Note that we already know 
that the class fC(M.) is not empty, and that S( interpolates between 
and log(d) as / varies over fC(M). 

Definition 9. Let Ai be a saturated collection of rays in a Euclidean 
space H of dimension d. The real number 

S(M) := mi{Sf | / e JC(M)}, (1) 

is called an entropy of M. . 

Note that the statistical weight 

D := exp(S(M)) 

corresponding to the entropy ([!]) can be perceived as a new dimension 
describing M C FU, 1 < D < d, d = dim c U. 

Using this new definition one can observe that if Ai admits a Kochen- 
Specker colouring, then the entropy S(M) = 0. One may speculate 
that a semiclassical limit over a family of saturated Kochen-Specker 
configurations {A^j}^ would correspond to S(jVfj) — > 0, as i — > oo. 

4. Multicoloured Kochen-Specker 

Let Ai be a saturated collection of rays in Euclidean space % of 
dimension d. Let K,{M) denote the class of functions / : M. — > [0, 1] 
described in the previous section. Let us restrict this class of func- 
tions as follows. Assume that the range of values of / is given by 
Wi, io 2 , • • • ,w s e]0, 1[, where s ^ d, and w a < w@, if a < /3. Denote 

N% = #{xeU\f(x)=w a }, 
where a — 1, 2, . . . , s. Then we have: 

s s s 

J2 N «= d , = Y,NZw a logw a = -St, (2) 

a=l a=l a=l 

where the notation S£ is same as in the previous section. Consider 
rational weights w a 6 Q, a = 1, 2, . . . , s. Then there exists a positive 
integer T such that 

w a = q a /T, 

where q a are positive integers, a = 1,2, ... ,s. We assume that T is 
chosen as small as possible. We obtain: 

s s s 

Y,N" = d, ]Tiv Q V = r, ^iv Q Viogg a = r(-^ + iogr), 

a=l a=l a=l 
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for every U G V±(Ai). Factorize each q a , a = 1, 2, . . . , s, into primes: 

q»=Pl P2 ■ ■ ■ Pk > 

where Pi < P2 < ■ ■ ■ < Pk are prime numbers, m aj i are non-negative 
integers, I = 1,2, ... ,k, and we assume that for every I there exists a 
such that m a i > 0. Then the third equation yields: 

s k 
a=l 1=1 

If pi > 1 then the collection of logarithms {logp;}f =1 is linearly inde- 
pendent over Z, and for every I — 1,2 ... ,k, and every 
we obtain: 



^2N^q a m ai i = Ki 



a=l 

where K\ are some integers, / = 1,2,..., k. In other words, the 
left-hand side of the latter equation, just like the left-hand sides of 
X]q=i = d anc i 5^q=i N^qa = r, should not depend on the choice 
of U G Vf {M.). If pi = 1 then one obtains just the same equations, 
but only for I — 2, 3, . . . , k. 

Definition 10. A function f : M -)> Qn]0, 1[ such that f e K,(M) is 
called a rational colouring of a saturated configuration of rays A4 . The 
prime numbers pi,p2, ■ ■ ■ ,Pk associated with f as described above are 
termed the prime colours of f , and the integers qi, q<i, . . . , q s associated 
with f are termed the mixed colours of f. 

Note, that if all integers qi,q%, ■■ ■ ,q s are prime, then we conclude 
that the value must be the same for every U G V]_ (AA). In this 
case one may write: 

N u = N n 

for a — 1, 2, . . . , s, N a G Z >0 . The second equation in ^ reduces just 
t° J2a=i N a Pa = T and can be perceived as a way to recover T. 

Definition 11. Let M. be a collection of rays on H, dim^'H = d. Let 
d = N + Ni + • • • + A^ S _ 1 be a partition of d into a sum of s ^ 2 positive 
integers, where N a ^ Np, if a < (3. A function f : M. — > {0, 1, . . . , s — 
1} is termed a colouring of M. compatible with this partition iff for 

every clique U G V ( f\M.) and for every a = 0, 1, . . . , s — 1, holds: 
#{xeU\f(x) = a} = N a . 

The latter definition generalizes the concept of a KS-colouring: a KS- 
colouring is just a colouring compatible with the partition (d—1, 1) h d. 
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5. A NEW SATURATED KOCHEN-SPECKER CONFIGURATION ON 

THREE QUBITS 

The dimension of the Hilbert space of a single qubit is 2. The dimen- 
sion of the Hilbert space H of a triple of qubits is d = 8, 8 = 2 x 2 x 2. In 
this section we are going to describe a new saturated Kochen-Specker 
configuration in % consisting of iV = 64 rays: Cipo, Cipi, . . . , C^jv-i- 
Denote 

[n] :={0,l,...,n-l}, 

for n G Z >0 . One may write the representing vectors ipi as a line of 
eight numbers (the coordinates of a vector in a selected basis), 

where i G [N]. The inner product (— , — ) on T-L = C d is then given by 

k=0 

where the bar denotes complex conjugation, i,j G [N]. 

The collection of vectors we are going to describe has an additional 
property: 

#€{-1,0,1}, 

for i G [N] and k G [d], so it makes sense to use a special notation. 
We write 1 instead of —1 and skip the spaces and commas between 
the coordinates of a vector: for example, ip = (11110000) is a vector 
^ = (1,-1,-1,1,0,0,0,0). 
Put: 

(11111111), 
(11111111), 
(11111111), 
(11111111), 
(11111111), 
(11111111), (3) 
(11111111), 
(11111111), 
(11111111), 
(11111111), 



ipo ■ 


= (11111111), 


$ : : 


= (11111111), 


$2 : 




^3 : 


= (11111111), 


$4 : 


= (11111111), 


$5 : 




^6 : 


= (11111111), 


$7 : 


= (11111111), 


$8 ■ 




^9 : 


= (11111111), 


$10 


:= (11111111), 


$11 




^12 


:= (11111111), 


$13 


:= (11111111), 


$14 




^15 


:= (11111111), 


$16 


:= (11111111), 


$17 




^18 


:= (11111111), 


$19 


:= (11111111), 


$20 




$21 


:= (11111111), 


$22 


:= (11111111), 


$23 




$24 


:= (11111111), 


$25 


:= (11111111), 


$26 




$27 


:= (11111111), 


$28 


:= (11111111), 


$29 




$30 


:= 11111111), 


$31 


:= (11111111), 
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and 



^32 


= (11110000), 


^33 


= (11110000), 


^34 


= (11000011) 


^35 


= (llOOOOTT), 


^36 


= (11000011), 


^37 


= (11000011) 


^38 


= (llllOOOO), 


^39 


= (11110000), 


^40 


= (11110000) 


^41 


= (11110000), 


^42 


= (llOOOOll), 


^43 


= (11000011) 


^44 


= (11000011), 


^45 


= (11000011), 


^46 


= (11110000) 


^47 


= (11110000), 


^48 


= (00111100), 


^49 


= (00111100) 


^50 


= (00001111), 


1p51 


= (00001111), 


^52 


= (00001111) 


^53 


= (00001111), 


^54 


= (00111100), 


^55 


= (00111100) 


^56 


= (00111100), 


^57 


= (00111100), 


^58 


= (00001111) 


^59 


= (000011TT), 


^60 


= (00001111), 


^61 


= (00001111) 


^62 


= (00111100), 


tp63 


= (00111100). 







Theorem 1. The collection of rays Mh, 



M:= 

is a saturated Kochen-Specker configuration in % = C 8 . 

Proof. Denote N = 64, d = 8. One may use the following strategy to 
verify the Kochen-Specker statement. First, find all non-empty subsets 
I C [N] such that Cipi JL Cipj, for any i,j G /. The function fi'.M.—* 
{0, 1}, defined as //(C^) = 1, if i G /, and /j(C%) = 0, if j G [iV]\J, 
is a candidate for a Kochen-Specker colouring of .M. One needs to 
check, that for every /, the collection Ai\{Cipi}i e i always contains a 
tuple of d mutually orthogonal rays. 

To generate the tuples of mutually orthogonal rays one can proceed 
as follows. Take «o G [N]. Then find %\ G [N] such that i\ > Zo 
and C^ij _L C^ . After that find %% G [N] such that Z2 > h and 
C^j 2 _L C"0i!, C^ , and so on. Having a tuple zo < &i < ■ • • < is-i of 
mutually orthogonal rays, 1 ^ s ^ d— 1, one needs to check that there 
always exists a j G [iV]\{io, «i, • • • , i s -i} such that Cipj _L <D0fc, for all 
fc G { io, i s -i}- This establishes the saturation property. 

For a realization of this method in C look at the supplementary 
file saturated, c. The supplementary file vectors.txt contains a se- 
quence of 64 x 8 = 512 numbers a , a 1; . . . , a 5 n separated by a space, 
such that ip> = a»8+fc, for % G [64], k G [8]. 

It is worth to point out how to check the Kochen-Specker property 
of M. without a computer. Our configuration M. is actually quite 
symmetric: for every element x G M. there exist exactly 31 elements 
y G M. such that y _L x. Take the orthogonality graph and look at 
16 maximal cliques C m = {G0j}j 6 # m G (Ai), m G [16], d = 8, of 
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the shape: 
: {0,3,13,14,20,23,25,26}, 1 



2 
4 
6 

8 

10 
12 
14 



{0,3,13,14,21,22,24,27}, 3 

{33,38,40,47,51,52,58,61}, 5 

{33,38,43,44,48,55,58,61}, 7 

{4,7,9,10,16,19,29,30}, 9 

{4,7,9,10,17,18,28,31}, 11 

{32,39,41,46,50,53,59,60}, 13 

{32,39,42,45,49,54,59,60}, 15 



{1,2,12,15,21,22,24,27}, 
{1,2,12,15,20,23,25,26}, 
{34,37, 43,44,48,55,57,62}, 
{34,37, 40,47,51,52,57, 62}, 
{5,6,8,11,17,18,28,31}, 
{5,6,8,11,16,19,29,30}, 
{35,36,42,45,49,54,56,63}, 
{35,36,41,46,50,53,56,63}, 



where the notation m : {io, *i, • • • ,17}, i a G [64], a G [8], m G [16], is a 
short way to write K m := {io,ii, . . . ,27}. 

Observe that {-ft'4 P +o} p e[4],a=o,i yields a partition of M. by maximal 
cliques. Therefore, if M. admits a KS-colouring then there must exist 
an anticlique W G Vf\M) of size #W = 8. It follows that to prove 
that M. is a Kochen-Specker type configuration it suffices to prove that 
an anticlique in Ai of this size does not exist. 

Note that the set L p := K ip U K^ p+ i can also be written as L p = 
K Ap+ 2 U K ip+3 , p G [4]. It is straightforward to check that the sub- 
configurations Q p := {G0j}j 6 [£ p ], p G [4], have a property: 

MxeQ p :^{yeQ p \y^xky lx} = A, 

for p G [4]. Since #Q P = 16, we conclude that #-pf\Q p ) = (16 x 
4)/2 = 32, for every p G [4]. Furthermore, for the intersections T p : — 
K/tp+a fl K 4p+ 2 + f3, where a, /3 G [2], p G [4], we have #Tp°' /3 ' ) = 4, so we 
obtain: vf{Q p ) = {{C^,C^J} ( . i . )6( ^,o) xT (i,i) )u( ^,i) xr (i,o) ) , for 
every p G [4]. Next, it turns out that 

W G 7>f (Q 2m ) 3!V g Tf{Q 2m+l ) :UUVe vf{Q 2m U Q 2m+1 ). 

for every m = 0,1. Hence, we are left with not so many variants: 
#Vf{U m ) = 32, where H m := Q 2m U Q 2 m+i, m = 0, 1. With a small 
amount of bookkeeping, one can check that 

W G ^ 4) (^o) W G ^ 4) (^i) : C/ U V g Vf\H U Hi). 

Therefore, the configuration M = HqUHi does not have an anticlique 
of the required size, and we conclude that M. does not admit a KS- 
colouring. □ 
Remark. Another way to prove that the configuration Ai is of the 
Kochen-Specker type is discussed in the Appedix A. 

Remark. The configuration M. does not admit a colouring compati- 
ble with the partition (7, 1) h 8, but it admits other types of colourings. 
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Without going into details, one can mention that Ai admits colourings 
compatible with the partitions (6,2) h 8 and (4,4) h 8, but not with 
the partition (5, 3) h 8. An example of a colouring compatible with 
(6, 2) h 8 is an indicator function / = 1^ of A — {C^jjiGA, where 

A : = {0,1,3,4,5,7,11,15,32,33,36,37,60,61,62,63}, 

and an example of a colouring compatible with (4, 4) h 8 is an indicator 
function / = 1@ of B = {G0j}j e B, where 

B := {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 

32, 33, 34, 35, 36, 37, 38, 39, 56, 57, 58, 59, 60, 61, 62, 63}. 

For every U G (M) holds: #U n A = 2, and #U H B = 4. 
It is of interest to point out the following property of the configura- 
tion At, j^Ai = 64. If we look at all its maximal cliques with respect 
to the orthogonality relation _L, then it turns out that the cardinal- 
ity of an intersection #?7 n U', as U, U' G Vf\M), U ^ U', can be 
0, 1, . . . , 6, but is never 7. At the same time, the configuration Ai is 
saturated, so we conclude: 

W G P| 7) (A-1) 3!E7 G Pj 8) (A-l) : t/ D W. (5) 

This property is similar to the property required in the definition of a 
Steiner system S(t, k, n), t = 7, k = 8, n = 64, except that in the case 
of 5'(64, 8, 7) arbitrary subsets of cardinality 7 are allowed, while in ^ 
one restricts to subsets of mutually orthogonal elements. 

6. A NEW CRITICAL KOCHEN-SPECKER CONFIGURATION ON 

THREE QUBITS 

In [18] one has constructed an example of a saturated Kochen-Specker 
configuration in 8-dimensional space. This configuration contains 120 
rays and extends the Kochen-Specker example found by [2Z] (40 rays). 
It turns out that this 120 rays can be perceived as the rays represented 
by the 240 elements of the -Eg-root system (each ray is represented by 
a pair of roots v and —v). 

In the previous section we have constructed a new saturated configu- 
ration formed by 64 rays in 8 dimensions. It turns out that the number 
of rays producing the Kochen-Specker property can be reduced at the 
expense of sacrificing the saturation property. In this section I describe 
a critical sub-configuration M C Ai consisting of 36 rays. We keep the 
notation (J3j), @, for the vectors Vi G C 8 , % G [64]. 
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Theorem 2. The collection of rays 

M := {Ctyj} i6 j, 

where 

I := {2, 3, 4, 9, 12, 13, 14, 15, 16, 19, 21, 23, 24, 25, 26, 27, 29, 30, 

32, 33, 34, 37, 39, 40, 41, 43, 46, 48, 51, 52, 55, 58, 59, 60, 61, 62} (6) 

is a critical Kochen-Specker configuration in H = C 8 , #A/" = 36. 

Proof. The fact that M does not admit a Kochen-Specker colouring is 
checked on a personal computer in analogy with the configuration M.. 
One also needs to check that for every i G /, the collection Af\{Cipi} 
does admit a Kochen-Specker colouring. 

For an implementation in C take the supplementary file critical . c. 
The sequence of numbers z'o < i\ < ■ ■ ■ < 235 which form the set 
I = {ia}^=o is written in a supplementary file critseq.txt using 
space as a separator. □ 

Note that precisely half of the vectors tpi described by ^ represent- 
ing the rays in Af have non-zero coordinates ifi^ G {±1}, k G [8], i.e. 
i < 32, while the other half comes from the 32 ^ i < 64 part. 

7. A NEW TROPICAL KOCHEN-SPECKER CONFIGURATION ON 

THREE QUBITS 

Let A4 be a collection of n rays in a d- dimensional Euclidean space 
"H. Recall that we have a notation V^\M) for the collection of all 
mutually orthogonal A;-tuples of rays in A4, k G Z >0 . If k > d of k > n 
then the set V± (Ai) is empty. In analogy with this notation, denote 
Vj°\A4) the collection of all fc-tuples of mutually non- orthogonal rays 
k G Z >0 . Note, that in contrast with V { l\M), the class Vf ] {M) 
does not need to be empty if k > d. At the same time, V^{M) and 
V^(M) coincide being just a collection of singletons containing the 
elements of M.. 

Consider a pair of functions Cm, Cm '■ ^>o — > 2^o, 

Cm ■ k i-> #V±\M), C M -k^#Tf{M), (7) 

where k varies over Z>o- Note that if M. is just a single <i-tuple of 
mutually orthogonal rays, then CVi(fc), k G Z >0 , is just a binomial 
coefficient C^. 

Definition 12. The pair of functions (Cm, Cm) associated with a col- 
lection of rays M. in% is called a signature of M. . 
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A signature ([7]) is a convenient concept which allows to formulate a 
necessary condition meant to distinguish a pair of configurations with 
non-isomorphic orthogonality graphs. If the signatures are different, 
then the orthogonality graphs cannot be isomorphic. At the same time, 
intuitively, if the the signatures of two configurations coincide, then 
there is a "high chance" that their orthogonality graphs are isomorphic, 
although some additional investigation is necessary to establish this 
isomorphism. 

The signature of the critical Kochen-Specker configuration M de- 
scribed by ^ is as follows: 

(CV(1), CV(2), . . . , CV(8)) = (36, 346, 1224, 2063, 1776, 830, 204, 21), 

(CV(1), CV(2), CV(3), CV(4)) = (36,284,536,212), 

and Cx(k) = 0, if k > 8, and Cj^(k) = 0, if k > 4. 

The signature of the saturated Kochen-Specker configuration M. de- 
scribed by @), Q is as follows: 

(C M (1), . . . , C M (8)) = (64, 992, 5056, 11504, 13312, 8192, 2560, 320), 

(CVf(l), C M {2), . . . , C M (Q)) = (64, 1024, 4864, 8512, 5632, 1536), 

and C M {k) = 0, if k > 8, and C M (k) = 0, if k > 6. 

It turns out that one can can compute all tropical sub-configurations 
in Ai and that all of them have the same signatures. 

Theorem 3. Let Ai = {C^j}^ be the saturated Kochen-Specker con- 
figuration in H = C d , d = 8, described in Q. The following 
holds: 

1) The tropical dimension dim.d(A4) = 6. 

2) The number of tropical sub- configurations in Ai of this tropical 
dimension is 32. Each of them contains 48 elements and their 
signatures coincide. 

3) The critical Kochen-Specker configuration Af described above, 
#Af = 36, is contained in exactly one of these tropical sub- 
configurations. 

Proof. The computation of the tropical dimension dim^(A^) can be 
done on a personal computer. To generate all tropical sub-configurations 
a program written in C needs about a day on a modest machine with a 
dual core Intel processor and 4GB RAM. The general strategy is based 
on several non-trivial observations. 

Let us first introduce a new definition. Suppose we have a collection 
of maximal cliques U ,Ux, . . . , U q -\ G V±\M). Let us say that this 
collection admits an anticlique section iff there exists an anticlique 
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W G Vf'(M) such that #W n U t = 1, for every i = 0, 1, . . . , q - 1. In 
other words, there exists a function fw '■ U^f/j — > {0, 1} such that: 

1) for every i G [g] there exists a unique Xj G Ui such that fw{xi) = 1; 

2) for every i, j G [g] holds: /Vfo) / fwfa). 

Take a collection Uq, Ui, . . . , U q -\ G V ( f\A4) which admits an an- 
ticlique section fw- Can the configuration of rays T := Uj e [ ? ]C/j be a 
Kochen-Specker configuration? The function fw is a candidate for a 
KS-colouring. If T does not admit KS-colourings then it must be pos- 
sible to find V G Vf\T\f w \{l})). Let f w \{l}) = {x , Xl , . . . ^^J, 

G C/j, /(xj) = 1, i G [g]. Since for any y G ^/^({l}) there exists 
% G [g] such that Xi _L y, we conclude that the collection of q + 1 maxi- 
mal cliques {f/ , Lq, . . . , C/ 9 _i, V} does not admit an anticlique section. 
We also observe that 

#(V U (U ieM ^)) = # U ieb] ^ ^ gd. 

It is rather straightforward to generate all maximal cliques U G 
V^f\M). The total number turns out to be n = 320, so we denote 
them as U i: % G [n\. A further computation yields the following fact. 
For any collection i < i\ < ■ • • < i q -i, i a G [n], a G [q], if q ^ 5 
then the collection {U ict } ae [ q -\ admits an anticlique section. Therefore 
we conclude that dim d (A^) ^ 5. 

On the other hand (and this is the longest part of the computation), 
there exist 6-tuples {i < i\ < ■ ■ ■ < i$} such that {U ia } ae [Q] does not 
admit an anticlique section. The number of variants of such tuples is 
iV = 308992 and we denote the corresponding variants as {i^ < if^ < 
■ ■ ■ < i^}, (3 G [N]. The corresponding computations can be found in 
the supplementary file antisect . c. 

It turns out that for every (5 G [N] holds: 

# U ae[6] Um = 48. 

The dimension of space in our case is d — 8, so, since 48 = 6 x 8, we 
immediately conclude that every collection {t/.(«} a6 r 6 i is a collection 
of mutually disjoint maximal cliques, (3 G [N\. Intuitively, one may 
perceive this observation as an effect of "repulsion" of cliques: the 
corresponding configuration tries to be as large as possible. Since 48 > 
40 = 5 x 8, we exclude the possibility of dim^(A^) = 5. 

The unions U a6 f6iC/.(/3) are Kochen-Specker configurations, since any 
KS-colouring of such a union would induce an anticlique section of 
{£^(/3)}ae[6]> P £ [N]. So our conclusion is as follows: 

dim d (M) = 6. 
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If we compute the image of the map [N] 3 j5 i-> U a& \o\U .(p) e V(M), 
then it turns out that it contains only 32 different variants. It is 
straightforward to check that their signatures coincide. 

Write the 32 tropical configurations mentioned as follows: 

T m = {C^i} ie j m , 

where 

J = J ? '(0) < jW < ... < ? ( 4 7)1 

for m G [32]. The supplementary file tropseq.txt contains a sequence 
of 32 x 48 = 1536 numbers b , b\, . . . , 61535, separated by a space, such 
that jm = & m *48+s, m G [32], s G [48]. 

The tropical sub-configuration of M. containing J\f is 7o- The corre- 
sponding set Jo is as follows: 

J = {0, 1, 2, 3, 4, 7, 9, 10, 12, 13, 14, 15, 16, 19, 20, 21, 

22, 23, 24, 25, 26, 27, 29, 30, 32, 33, 34, 37, 38, 39, 40, 41, 

43, 44, 46, 47, 48, 50, 51, 52, 53, 55, 57, 58, 59, 60, 61, 62}. (8) 

We have: Af C % C M. and #7o = 48. The computations are imple- 
mented in the supplementary file tropical . c. □ 
The signature of the configuration T = % described by rt8J) in the 
proof of the theorem is of the shape: 

(C r (l), C r (2), . . . , C T (8)) = (48, 600, 2752, 6096, 7008, 4304, 1344, 168), 
(CV(1), CV(2), . . . , CV(5)) = (48, 528, 1536, 1312, 384), 

and C T {k) = 0, if k > 8, and C T {k) = 0, if k > 5. 

8. Thirty- six. 

There is another known example of a critical Kochen-Specker type 
configuration due to [27J . It so happens that it also contains 36 vectors, 
just like the configuration M described by (J6]). Are these configurations 
equivalent or not? In other words, are the corresponding orthogonality 
graphs isomorphic or not? 

The critical configuration discovered in [27] can be described as fol- 
lows. Consider first a configuration 



T := {dpi} i( z[ 40 ], 
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represented by 40 vectors of the shape: 



V?o : 


( 1 r\r\c\r\r\r\c\\ 

= (10000000), 


<pi ■ 


= (01000000), 


¥2 ■ 


f r\r\-\ r\r\r\r\r\\ 

= (00100000), 


V?3 : 


/r\r\r\i r\r\c\r\\ 

= (00010000), 


V?4 : 


= (00001000), 


<^5 ■ 


( r\r\r\c\r\A r\r\\ 

= (00000100), 


V?6 : 


= (00000010), 


¥7 '■ 


= (00000001), 


<^8 ■ 


= (11110000), 


V?9 : 


= (11110000), 


<Pw 


1 1 1 1 1 r\r\c\r\\ 

:= (11110000), 


fn 


:= (11110000) 


¥>12 


:= (00001111), 


<fl3 


:= (OOOOllll), 


<Pu 


/nnnni 1 1 1 \ 

:= (00001111) 


<PlS 


:= (00001111), 


<Pl6 


:= (llOOHOO), 


¥17 


:= (11001100) 


<P\% 


:= (11001100), 


<Pl9 


:= (IIOOIIOO), 


¥20 


:= (00110011) 


¥21 


:= (00110011), 


^22 


:= (00110011), 


y?23 


:= (00110011) 


¥24 


:= (10101010), 


<P25 


:= (10101010), 


V?26 


:= (10101010) 


¥27 


:= (10101010), 


V?28 


:= (01010101), 


V?29 


:= (01010101) 


<^30 


:= (01010101), 


</?31 


:= (01010101), 


V?32 


:= (10010110) 


V?33 


:= (10010110), 


y?34 


:= (10010110), 


V?35 


:= (10010110) 


<^36 


:= (01101001), 


V?37 


:= (01101001), 


V?38 


:= (OllOlOOl) 


<^39 


:= (01101001). 











After that construct another configuration by excluding four vectors: 

Af := {Cy3 i } ie [ 40 ]\.r 0il 2 i 22,31}- 

Proposition 1. The configuration Af' is a critical Kochen-Specker con- 
figuration on three qubits. 

Remark. There is a typo in the original paper [27]: by accident, 
the authors exclude the vector <p 2 7 = (10101010) indead of y9 31 = 
(01010101). 0. 

The configuration Af' is an analogue of our configuration Af, and T' 
is an analogue of the tropical configuration T. A saturated extension 
AA! of T' has been constructed in [18J. It turns out that j^AA' = 120 
and that the rays of AA' can be represented by the vectors of the E% 
root system (this is an observation related to the question about the 
symmetry of Af' stated in [27J). We have: 

Af'cT'c AA'. 

The configurations Af and Af' have the same cardinalities, 

#jV' = 36, #JV = 36, 

but their signatures are different: 

(CV(1), CV(2), • • • , CV(8)) = (36, 374, 1384, 1991, 1120,416, 96, 11), 

(q V /(l),q V /(2),q V /(3),q V /(4)) = (36,256,448,192), 

and Cj\fi(k) = 0, if k > 8, and Cw{k) — 0, if k > 4. Therefore the 
configuration Af can not be isomorphic to Af'. 
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The signature of the configuration T' is of the shape: 
(CV(1), C r (2), C v (8)) = (40,460, 1880, 2990, 1880, 780, 200, 25), 

(C T r(l),d r (2),G P (3),G r (i)) = (40,320,640,320), 

and C v (k) = 0, if k > 8, and C T >{k) = 0, if k > 4. 

Let us also give (for the reference purposes) the signature of the E 8 
configuration M!\ 

(CjW'(l)i Cm'(2), ■ ■ ■ , Cm'(8)) = 

= (120, 3780, 37800, 122850, 113400, 56700, 16200, 2025), 

(Cm'(I)j C M '(2), . . . , C M >(8)) = 

= (120, 3360, 31360, 120960, 241920, 241920, 103680, 8640), 

and C M '(k) = and C M '{k) — 0, if k > 8. 

Note that it is of interest to search for multi-qubit generalizations of 
these configurations |23> 25J. In (20] one can find an infinite family of 
Kochen-Specker type configurations generalizing T' on any number of 
qubits n = 4m — 1, m ^ 1. 

9. Clique partitions 

In the previous section we have found all tropical sub-configurations 
in the saturated Kochen-Specker configuration M. = {C^}^ in H = 
C 8 . We denote them as % i = 0,1,..., 31. We have #71 = 48, 
i G [32], and we know that the signatures (C-j-^C-ji) are the same for 
each i e [32]. Since 48 = 6 x 8 = dim d (M) x dim c H, it follows 
that every 7~i, i G [32], can be partitioned by maximal cliques % = 
U U? U • • • U where U® G Vf\N), and U® D Uf = 0, if 
(3, for a,j9e [6], % G [32]. 

It is natural to investigate if there exist partitions by maximal cliques 
of the saturated configuration. It turns out that there are quite many, 
but there is a distinguished subset among them "induced" by the trop- 
ical sub-configurations. 

Proposition 2. Let M. = {G0j}j e [64] be the saturated Kochen-Specker 
configuration as above, and let {7i}; e [32] be the collection of all its trop- 
ical sub- configurations, j^Ti = 48, % G [32]. There exists a collection 
{B a } a( z[ 32 ] of maximal cliques B a G V ( f\A4), a G [32], with the fol- 
lowing property: for every i G [32], there exists a clique partition 

M = B ao U B ai U • • • U B ar , 
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where «o, ai, ■ ■ ■ , cx-j G [32], a < ol\ < ■ ■ ■ < a-j, such that the tropical 
sub- configuration T% Q Ai can be represented in the form: 

71 = B a . Q U B an U • • • U B a . s , 

where i , ii, . . . , i 5 G [8], i < %\ < ■ ■ ■ < i 5 . 

Proof. Write: 

B a = {CiJi} i( zK a , 

where 

K a = {k^ < k a ^ < ■ • • < k^ a ^ } , 

for a G [32]. The supplementary file baseseq.txt contains a sequence 
of 32 x 8 = 256 numbers c , Ci, . . . , c 255 separated by a space, such that 
k^ = c Q * 8+s , for a G [32], s G [8]. 

A straightforward computation (see the supplementary file bases . c) 
yields the following facts. Every tropical sub-configuration 71, i G [32], 
can be represented in 48 different ways in the form % = Bp U B^ U 
■ ■ ■ U Bp 5 , where (3 < ft < • • ■ < /5 5 , ft G [32], j G [6]. There are 576 
clique partitions M. = B ao U B Ql U ■ ■ ■ U B ar , where a < ati < ■ ■ ■ < 
a 7 , ^ G [32], i G [8]. Every partition of % extends in two different 
ways to a partition of M. by the cliques {B a } aG ^ 2 ] and this way there 
are 96 such partitions in total corresponding to a given tropical sub- 
configuration. □ 

We have a collection of maximal cliques W := {Bi} ie [ 32 ] ^ V]_ (A4) 
associated with the tropical sub-configurations {71}i e [32]. Let / C [32] 
be a non-empty subset such that {Bi} i£ i are mutually disjoint. Denote 
the collection of all such subsets V(W), and put ■= \J ie iBi for 

{£>j}i g / G V(W). Define a pair of functions 

F w : Z >0 -> Z, s #{/ G T?(W) | #/ = s}, 

and 

Gw : Z >0 ->• Z, s #{/ G X>(W) | #/ = s and Alf is saturated}, 
The corresponding computation yields: 

(F W (1),F W (2),...,F W (8)) = 

= (32, 400, 2496, 8304, 14592, 12672, 4608, 576), 

(GVv(l), G w {2), . . . , G w (8)) = (32, 192, 480, 512, 192, 768, 0, 576), 

and Fy\?(k) = and Gyj(k) — 0, if k > 8. It follows that we obtain 
a plenty of saturated sub-configurations in Ai (and by that a family 
of orthoalgebras [IH])- On the other hand, none of them happens to 
be a Kochen-Specker configuration, except for the whole collection Ai 
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itself. The corresponding computations are given in the supplementary 
file bases . c. 

It is of interest to point out the following special property of the 
collection of bases W := {Bi} ie ^ 2 ]- If we l°°k at the cardinalities of 
intersections H Bp, a ^ (3, a, (3 G [32], then it turns out that 
there are only two possibilities: either the two bases are disjoint, or 
the cardinality of intersection is 4 (half of the dimension of space). It 
follows that there is a canonically defined undirected graph F = (V, E), 
with vertices V = [32] and the edges E, {a, (3} e E iff ^B a 5/3 = 4, 
where a, (3 G [32], a ^ (3. It turns out that this graph falls apart 
into two isomorphic connected components (see the figure) each being 
a strongly perfect graph of type (16, 6, 2, 2). There are two possibilities 
in this case (isomorphism classes): the 4 x 4-rook's graph and the 
Shrikhande graph. It turns out that our graphs are the 4 x 4-rook's 
graphs what can be established by looking at the neighbourhood of a 
vertex: in Shrikhande graph the neighbourhood is a cycle of length 6 
and in the 4 x 4-rook's case it is a pair of triangles. 
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10. Conclusion and discussion 

The main result of the present paper is a new saturated configuration 
of 64 rays containing a new critical Kochen-Specker configuration of 36 
rays on three qubits (8-dimensional space). It turns out that this sat- 
urated configuration has quite nice symmetry properties which can be 
studied in terms of tropical sub-configurations discussed in this paper. 

I would like to focus once more on several conceptual issues men- 
tioned in the main text and make some informal remarks. First of all, 
it is quite natural to expect that the definition of a Kochen-Specker 
colouring (the latter is a certain function on a configuration with val- 
ues and 1) should have a "multicoloured" generalization. Intuitively, 
one may think that these colours can be perceived as elements of some 
finite group or a similar algebraic structure. From the perspective of 
graph theory such a generalization appears definitely possible, but the 
problem is that it is not immediately clear how to construct a gener- 
alization which would still be of interest in quantum mechanics, but 
not just in pure mathematics. The approach suggested in the present 
paper is based on the concept of an entropy of a saturated configu- 
ration. The important step is the interpretation of a configuration of 
rays which admits a Kochen-Specker colouring as a configuration with 
entropy equal to zero. A natural development of this idea leads to a 
physically reasonable multi-coloured generalization of Kochen-Specker 
theory and is captured by a definition of a rational Kochen-Specker 
colouring. 

I would also like to stress once again the importance of saturated 
configurations. At first sight, an extension of a given critical Kochen- 
Specker configuration to a saturated one is not really necessary since 
it only complicates things, i.e. adds new measuring devices to an ex- 
perimental set-up as if there is not enough trouble with decoherence 
of quantum states. Nonetheless a saturated configuration provides a 
natural environment where a critical configuration "lives" . A saturated 
Kochen-Specker configuration is a rather special object with many sym- 
metries and in general one would expect many isomorphic copies of a 
given critical configuration inside it. There can be different isomor- 
phism classes of critical configurations. In a sense, a saturated configu- 
ration (or its orthogonality graph) yields upto a certain point a discrete 
analogue of the space of pure states of a quantum system. More gen- 
erally one can try to mimic quantum mechanics on finite undirected 
graphs with the property that every maximal clique has the same size. 

The objects that exist inside a saturated Kochen-Specker configura- 
tion M. (e.g. other saturated or non-KS-colourable sub-configurations 
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Af) can "move" : if we take an automorphism of the orthogonality graph 
of A4, then A/"CjM does not need to stay fixed but it is transferred 
to an isomorphic copy of itself N%. A sub-configuration Af in A4 has 
a signature (the numbers of cliques and anti-cliques in the orthogonal- 
ity graph). The most important parameter present in the signature 
is the capacity of a configuration Af: the number of maximal cliques. 
Intuitively, the higher is the capacity, the higher is the chance that a 
configuration does not admit a KS-colouring. It is tempting to term 
the number of elements in Af as inductivity of a configuration. A pair 
of sub-configurations Af\ and A/2 in A4 can "interact" : if the capacity 
of Afi is ni, and the capacity of A/2 is n 2 , then the capacity n of Af\ UA2 
is at least ri\ + 77-2, but it can be n > n\ + 112- The maximal value of n 
corresponds to a "resonance effect" , etc. 

In this paper we have encountered a collection of parameters (dimen- 
sions) dim fc+1 (A4), fce [d], which describe a saturated Kochen-Specker 
configuration A4 (in particular, the critical dimesnion dim 1 (A / l) and 
the tropical dimension dim^A'f)). Another important characteristic 
is the signature of a configuration. These are not the only parame- 
ters that are of interest in practice. For example, one may look for 
the largest saturated sub-configuration W C A4 which still admits a 
KS-colouring. This yields another parameter d(A4) := #W describing 
A4. It is natural to term a saturated Kochen-Specker configuration 
irreducible iff it does not contain a saturated Kochen-Specker sub- 
configuration of smaller inductivity. Once one uses a multi-coloured 
version of the Kochen-Specker theory (for example, one is counting the 
colourings compatible with a partition of the dimension of space into 
a sum of positive integers), one may introduce similar dimensions and 
signatures by analogy. 

Appendix A 

It is of interest to point out a link between the configurations dis- 
cussed in the present paper and the recent work of M. Waegell and 
P. K. Aravind where they make an important observation about 
the algebraic nature of a certain class of proofs of the Kochen-Specker 
theorem. Consider the matrices: 

'-(; 9. *-(!S). "-(ii). 

The matrix / is the 2x2 identity matrix, and X, Y, and Z, are related 
to the Pauli matrices as follows: a\ = X, 02 = —iY, 03 = Z. Write 

X (0). = J) X W:=X, X^:=Y, X^:=Z, 
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and put 



A {a) ._ X (a ) g X (a 2 ) ) (g) 



where a G [64] = {0, 1, ... , 63}, a = «o + 4a i + 16«2, for «o, «i, «2 G 
[4] = {0, 1, 2, 3}. A rather special property of the collection of matrices 
{A™} [64] is that there exist quite many variants to choose tuples 
fiQ < n\ < ■ ■ ■ < Hs-i) where \ii G [64], % G [s], s = 3, 4, 7, such that 

[A^\ A^] =0, Y[ A^ = ±1, (10) 

fc6[s] 

where j G [s], and [— , — ] denotes the commutator, the order of the 
factors in the product does not matter since the matrices commute. 

Suppose we have a hyper-graph with n vertices labeled by A^ Vi \ Vi G 
[64], Vi ^ Vj, if i j , i,j G [n], and with hyper-edges of cardinalities 
3 or 4. Assume that the labels of the vertices in every hyper-edge 



correspond to the tuples of the shape (10). A hyper-edge is termed 
negative if the product of the labels of all its vertices is —1, and it is 
termed positive if this product is +1. In it is pointed out that every 
time we have a hyper-graph like this with an odd number of negative 
hyper-edges, then if we have a property that every vertex is contained in 
an even number of hyper-edges, then this yields immediately a proof 
of the Kochen-Specker theorem. A complete characterization of this 
class of hyper-graphs is an open mathematical problem. In the paper 
mentioned the authors provide explicitly a series of examples of the 
hyper-graphs they have found. 

We observe now that the saturated Kochen-Specker configuration A4 
(64 rays) obtained the present paper admits a proof from the class |26j . 
At the same time this configuration of rays does not underlie any of the 
proofs mentioned in [26] . We also notice that a straightforward search 
on a computer (i.e. without using any symmetries of the Pauli group) 
for a saturated Kochen-Specker configuration with N = 2 6 rays would 
require going through Cf 35 = 2214919483920 variants (the lower index 
135 in the binomial coefficient Cf 35 is the total number of all tuples of 



the type (10) of maximal possible length s = 7, and the upper index 
8 should be perceived as N/d, where d = 2 3 is the dimension of the 
Euclidian space of three qubits). 

It is a common convention to drop the symbol ® in the tensor product 
If we use the notation J, X, Y, Z, then we write, for example, just 
IXX in place of X<® ® XW ® X^, YZX in place of X^ ®X^ ®X«, 



KOCHEN-SPECKER ON THREE QUBITS 



25 



etc. Consider a list: 






XII 


IXI 


XXI 


IIZ 


XIZ 


IXZ 


XXZ 


1 


XII 


IXX 


XXX 


IYY 


XYY 


IZZ 


XZZ 


2 


IXI 


ZIX 


ZXX 


YIY 


YXY 


XIZ 


XXZ 


3 


XXI 


YYX 


zzx 


ZYY 


YZY 


XIZ 


IXZ 


4 


ZXI 


YYI 


XZI 


IIZ 


ZXZ 


YYZ 


XZZ 


5 


ZXI 


ZIX 


IXX 


XYY 


YZY 


YYZ 


XZZ 


6 


YYI 


XXX 


zzx 


YIY 


IYY 


ZXZ 


XZZ 


7 


XZI 


ZXX 


YYX 


YXY 


ZYY 


XIZ 


IZZ 



Every line of this list contains a set of 7 mutually commuting operators. 
Each time there is a set of 8 mutually orthogonal one-dimensional joint 
eigenspaces (rays) associated to it. These sets of rays corresponding to 
different lines of the list are mutually disjoint, and their union yields 
a set of 64 rays. This is precisely the saturated KS configuration M. 
introduced in the paper, if we assume that the matrices A^ a \ a £ [64], 
act oni = (x ,x 1 , ...,x 7 ) as follows: A^.x = y, y = (y ,2/i, • • • ^Vi)- 

i, — v( a o) v( a i) v(»2) 

Vi +2h+Ai 2 - 2^ A ioJo A H,Jl 12,32 X jo+2ji+4j2, 
30,31,32=0,1 

for ?0j H, H = 0, 1, and «o + 4oji + 160:2 = ol, where ao, «i, «2 € [4], and 
xffl denotes the element of the matrix X^ m \ m £ [4], standing in the 
(k + l)-th row, k £ [2], and the (/ + l)-th column, I £ [2]. 

Let us point out a proof that the configuration of rays M. is of the 
Kochen-Specker type. The collection of matrices present in the list 
above contains 26 elements: 

XII, IXI, XXI, ZXI, YYI, XZI, ZIX, IXX, XXX, 

ZXX, YYX, ZZX, YIY, YXY, IYY, XYY, ZYY, YZY, 

IIZ, XIZ, IXZ, XXZ, ZXZ, YYZ, IZZ, XZZ. (11) 

Consider the following subsets of this collection: 






IXI 


ZIX 


YXY 


XIZ 


1 


IXI 


ZXX 


YIY 


XIZ 


2 


ZXI 


YYI 


IIZ 


XZZ 


3 


ZXI 


XZI 


IIZ 


YYZ 


4 


YYI 


XXX 


YIY 


XZZ 


5 


XZI 


ZXX 


YXY 


IZZ 


6 


ZIX 


IXX 


YYZ 


XZZ 


*7 


IXX 


XXX 


IZZ 


XZZ 
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There are 15 matrices present in the list: 

IXI, ZXI, YYI, XZI, ZIX, IXX, XXX, 

ZXX, YIY, YXY,IIZ,XIZ, YYZ,IZZ,XZZ. 

Construct a hyper-graph on 15 vertices labeled with these matrices. 
The 4-tuples in the lines of the list above define 8 hyper-edges: the fist 
seven are negative and the hyper-edge corresponding to the last line 
marked with a star is positive. The matrix IZZ occurs 4 times in a 
hyper-edge, and all other matrices occur twice in a hyper-edge. The 
underlying configuration of rays is, therefore, of the Kochen-Specker 
type. 

The hyper-graph mentioned contains just one positive hyper-edge 
and all other hyper-edges are negative. All hyper-edges are of cardi- 
nality 4. This is not the only hyper-graph of this shape which corre- 
sponds to a proof that M. of the Kochen-Specker type, but, perhaps, 
the most simple one. The other hyper-graphs with a single positive 
hyper-edge can be generated on a personal computer as follows. There 
are 24 negative hyper-edges of size 4, and 54 positive hyper-edges of 



size 4 which can be constructed from the 26 matrices (11). 2 24 is not a 
"huge" number compared to 2 54 . Look at all hyper-graphs built only 
from an odd number of negative hyper-edges of size 4. Count for each 
vertex the number of hyper-edges containing it, and keep only those 
hyper-graphs which contain exactly 4 vertices corresponding to an odd 
number of hyper-edges. Then check if this 4-tuple of vertices forms a 
positive hyper-edge of size 4. If this is the case, we obtain a proof that 
the configuration is of the Kochen-Specker type. Since every hyper- 
graph contains just one positive hyper-edge, it is natural to classify 
these hyper-graphs by the tuples of numbers {nk}k<=[24\, where is 
the number of vertices contained in exactly k negative hyper-edges. 
The computation yields 33 variants of {nk}ke[2i]- 111 principle, it would 
be of interest to describe all isomorphism classes of KS proofs for Ai 
corresponding to any number of positive hyper-edges. 
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